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1 Introduction 

Despite extension groups between modules over an algebra are very easy to 
f~^ define and taught nowadays in every standard course in homological algebra, 

■^- ' it is still to be very difficult to compute them explicitly for a given pair of 

^sO , modules. One of such problems is a computation of extension groups between 

^^ ' Weyl modules over the Schur algebra S(n, r). It was shown in the joint work [4] 

C*~) . of the author with Ana Paula Santana that this problem is closely related to 

the construction of a minimal projective resolution of the trivial module K over 
Kostant form Hk(s^) of the universal enveloping algebra of the Lie algebra sl+- 
In this paper we compute the first three steps of a minimal projective reso- 
lution of K for n — 3. For this we use the Anick resolution constructed in [I]. 
k>( ' Our result depends on the knowledge of a Grobner basis for Hk(sI^). 

j_j , In the Section[5]we recall the definition of Grobner basis and in the Section[5] 

the construction of the Anick's resolution. Then we proceed with the definition 
of 11k (s/+) in Section [3l The Sections HI [5] [7] contain new results. In particular, 
we describe the first three steps of the minimal projective resolution for trivial 
module over Ur (sl^ ). 

2 Grobner basis 

Let X be a set. We denote by X* the set of all words with letters in X. Then X* 
is a free monoid generated by X with the multiplication given by concatenation 
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of words and the unity e given by the empty word. There is a partial order -< 
on A* given by the incusion of words. Note that -< is the coarsest partial order 
on A* such that X* is an ordered monoid with e the least element of X*. A 
monoidal order on X* is a total order that refines -<. 

Let IK be a field. We denote by IK (A*) a vector space spanned by X*. A 
vector space K (X*) is a, free associative algebra generated by X. We will call the 
elements of X* monomials, and the elements of K (X*) polynomials. Define the 
support ofpeK (X*) to be the set of element in X* with non-zero coefficients 
in p. If < is a monoidal order on X* then we define the leading monomial lm(p) 
of p € K {X*} to be the maximal element of support of p with respect <. Define 
the leading term lm(p) of p to be the leading monomial of p with coefficient it 
enters in p. A monoidal order < on X* can be extended to a partial order < 
on IK (A*) by the rule 

p < q <^=>lm(p) < lm(g) 

lt(p) = lt(g) and p - lt(p) < q - \t(q). 

Note that in the case lm(p) = lm(g) but lt(p) ^ lt(g) the polynomials p and q 
are incompatible. 

The pair (m, /), where m is a monomial and / an element of K (A*), is called 
a rewriting rule if m > f. Note that every element p£K (A*) gives a rewriting 
rule r(p) = (lm(j>) , f) where / = (p — lt(p))/X and A is the leading coefficient 
of p. We will say that h is a result of application of (m, /) to g if there is 
ml G supp(g) such that ml — umv for some u, v G A*, and h = g — \m! + Xufv, 
where A is the coefficient of m in g. We will write in this situation g —} r h. If 
r = r(p) for some p G K (A*) then we write g — >f h instead of g — > r ( p ) h. Let 
S be a collection of rewriting rules or polynomials. Then g — >$ h denotes that 
there is r G S such that g — > r h. Formally, — >$ is a set relation on IK (A*). 
We denote by — >* s the reflexive and transitive closure of — >$■ An element g 
of IK (A*) is called non-reducible with respect to the set of rewriting rules or 
polynomials S if g is a minimal element of K (A*) with respect to — >* s . 

Definition 1. Let A be an algebra over a field IK and X = { ai \ i G /} a set 
of generators of A. Denote by n the canonical projection from K (A*) to A. 
We say that a subset S of ker (jr) is a Grobner basis of ker(7r) if tt restricted 
on the vector space of non-reducible elements with respect {r(p) \p G S} is an 
isomorphism of "K-vector spaces. A Grobner basis S is called reduced if elements 
peS are non-reducible with respect to S \ {p}. 

Suppose that < is an artinian monoidal order on A*, that is every descending 
chain in A* stabilizes. Let / G IK (A*). If / is reducible with respect to a 
Grobner basis then there is f\ such that / -^g fa. By definition of Grobner 
basis /i < / with respect to the induced ordering on IK (A*), li fi is reducible 
we can find fi such that f\ -^g f\, f\ > fi and so on. Thus we get a descending 
sequence f > /i > fi> ■ ■ ■ ■ As we assumed that the ordering < is artinian this 
sequence have to break. Thus there is /' that is non-reducible with respect to 
S and / — >g f ■ We call /' the normal form of / with respect to S and denote 



it by NF(f,S). Note that the use of the article "the" is justified by the fact 
that /' is unique. In fact suppose there are /' and /" such that / — >-g f and 
/ -> s /"• Then /' - /" = (/' - /) + (/ - /") G ker(7r) is an element of the 
kernel of the natural projection w: K{X*) -4 A. Moreover, all monomials in 
/' — /" arc non-reducible with respect to 5. Since the images of non-reducible 
monomials with respect to S give a basis of A under the map n it immediately 
follows that /' - /" = 0. 

The notion of Grobner basis is closely connected with the notion of critical 
pairs. We say that two monomials mi, 7772 G X* overlaps if there are u, v, 
w G X* such that m\ — uv and 771,2 — vw. Note that two given monomials 
can have different overlappings. To make things more convenient we define an 
overlapping as a triple (777,7771,7772), such that there are u, v G X* such that 
777 = 777i7j and 777 = W772. 

Definition 2. A critical pair is a triple (w,ri,r2), where w is a word and 
r\ = (mi,/i), r2 = (7772,72) are rewriting rules such that there are u, v G X* 
with the property 

w = um\ = W12V or w — um\v = 777,2. 

A word w is called the tip of the critical pair {w, ri,r%). 

Let (w, ri,r2) be a critical pair with n, r^. G S and u, v G X* such that 
w = um\ = 777,277 (or w = um\v = 7772). It is called reducible if ufi — /2V — >*$ 
(respectively ufw — J2 ~ >*$ 0). The set of rewriting rules S is called complete if 
all critical pairs (w, ri,r2) with n, r2 G S are reducible. 

Theorem 1. Suppose < is artinian monoidal ordering on X* . A subset S of 
K (X*) is a Grobner basis of a two-sided ideal /cK (X*) if and only if the set 
of rewriting rules { r(p) | p G S} is complete. 

We shall need the following proposition 

Proposition 1. Suppose R is a complete rewriting system in variables X and 
Y is a subset of X. We denote by R(Y) the subset of R that consist from all 
the rules (m,p) such that m G Y* . If for all (m,p) G R(Y) we have p G K (Y*) 
then R(Y) is a complete rewriting system. 

Proof. Suppose / € K (Y*) and / — >r g then / — *-( TO)P ) g for some (m,p) G R. 
Since m <m! for some 777' G supp(/) and 777' G Y* we get that (m,p) G R(Y). 
By assumption of the proposition we get peK (Y*). Therefore g G IK (Y*) and 
/ — *R(Y) 9- Now by repetition we get that / G K (Y*) and / — ># g implies that 

/ -^*R(Y) 9- 

Suppose that [w, ri, T2) is an overlap of two rules from R{Y) and u, v G Y* 
are such that w = rri\v — 777772 {w — uwi\v = 7772). Then p\v — up2 G K (Y*) 
(upiv—p2 G K(y*)) and piv — up 2 — >r {up\v—p2 -^r 0), since R is complete. 
But then p\v — up2 —*r(y) (upiv — P2 ^•r(y) 0); which shows that R(Y) is 
complete. □ 



3 Konstant form of universal enveloping algebra 

Denote by sl$ the Lie algebra of upper triangular nilpotent 3x3 matrices. Let 
1X3" (C) be its universal enveloping algebra over C. We shall consider sl^ with 
the standard basis 

1 o\ /O 0\ /o 1 

000 e« = 1 e a +B =000 

000/ p Vo 0/ +p Vo 

They also generate ilj (C) as an associative algebra. It follows from the Poincare- 
Birkhoff-Witt Theorem, that the set 



- 1 e Q e Q+/3 e j3 



k a ,k a+l3 ,k(s 6 NJ 



is a C-basis of ilg~(C). For u € {a, a + /3, /3}, denote by eL the element ^yef; of 
the algebra il„(C). We define ilg (Z) to be the Z-sublattice of ilg" (C) generated 
by the set 

B = {eg-h^e^k^ka+frkp G n} . 

Proposition 2. TTie set ilg (Z) is a subring o/itg(C). In o£/ier words, ilg" (Z) 
is a 1,-algebra. It is called the Kostant form 0/ </ie universal enveloping algebra 
i£(C) ouerZ. 

Proof. For a proof see [2] Lemma 2 after Proposition 3] and [2] Remark 3] 
thereafter. □ 



Definition 3. For any field K, i/ie algebra il^ (K) := IK ®z it^ (Z) is called 

3 



Kostant form 0/ i/ie algebra ilg (C) over 



Let S* be a free monoid generated by a and /3. We define S*-grading on 

sl+ (C) by 

deg(e Q ):=a deg (e Q+/3 ) := a + (3 deg (e^) := /3. 

This grading extends to the grading of ilg" (C) by 

deg (el a e^e k f J := (k a + k a+p ) a + (k a+fj + kp) /3. 

It induces a grading on the algebras ilg (Z) and ilg" (K), for an arbitrary field 
K, such that 

deg (e^e^^) := (k a + k a+f3 ) a + {k a+fj + kp) /?. 

We also define the norm N on S by 

N (k a a + kp(i) :— k a + kp 
and will denote the composition of deg with N by Deg. 



4 Big Grobner basis 

In this section we describe a Grobner basis of the algebra ilj (K) with respect 
to the generating set X = < e a a > e a + J" , el e> k a ,k a+ p,kp £N>. Let Y = 

{e a , e Q+/ g, ep}. We order Y* by Deg-lcxicographical ordering induced by the 

ordering 

e a < e a+f3 < ep 

on Y. We have the map <fi: X* — > Y* of free monoids induced by 

p(fc) ^ pfc p( fc ) ,_i. p* p( fc ) ^ pfc 

We define the ordering <C on X* as follows. If 4>{u) < <fi(v), then w <C v. If 
(u) = (/> (w) and the length of u is less then the length of v, then u <C f . If 
(w) = (/> (v) and both words u and v G X* have the same length, then we 
compare them lexicographically with respect to the ordering 

e < e J.- < e« < e ( 2 ) < e (2) < e (2) < • • • < e^ < e (fc) < e {k) < 

on X. Since Deg-lexicographical ordering on Y* is terminating and every fiber 
of 4> is finite, it follows that also the ordering <C on X* is terminating. It is also 
easy to see that <C is monomial. In fact, let u, v, w <E X*. Then 4>{u) < 4>{v) 
implies <j>{uv) < cp(vw); if <j> (u) — 4>{v) and the length of u is less then the 
length of v, then <fr (uw) — <p (to) and the length of uw is less then the length 
of vw; if 4> (u) = 4> (v), u and v have the same length, and u < v with respect to 
the lexicographical ordering, then <j>(uw) = <fi(vw), uw and vw have the same 
length, and uw is less then vw with respect to the lexicographical ordering. Thus 
u <C v implies uw <C vw. The stability with respect to the left multiplication is 
verified analogous. 

Theorem 2. Let X and the ordering on X be as above. Then the following set 
of rewriting rules is complete: 



(fc) e (() h+ e (l) e {k) (4) 

min(k,l) 

e? } ei^ £ ("tf^SWM (5) 

e /3 e a+,3 ^ e Q+/3 e /3 ) W 



e 



where k, I € N. 



Proof. It is clear that the set 

is the set of non-reducible words with respect to the given rewriting system. By 
definition, the natural image of B in il^(K) is a basis of U3 (K). Therefore, it 
is enough to check that for every rule the left hand side and the right hand side 
are equal in V£(K). This is obvious for (fT|), ©, ©, (g]), ©. Thus we have 
only to check the claim for (0. We have to prove the equality 

min{k,l) 

in ilg"(K). Clearly it is enough to prove the same equality in ilg (Z) and, there- 
fore in ilg"(C). We will do this by induction on the minimum of k and I. The 
case min(k,l) — 1 splits into two cases k = 1 and I = 1. The case fc = 1, we 
prove by induction on I. For k = I = 1 we have 

e,ge a = e a e/3 - e Q+/9 . 

Suppose we have proved equality for k = 1 and I < Iq. Let us check it for 
Z = / + 1- 



e /3 e a = T e /3 e Q e a induction assumption 

= y (e£ -1) e/3 - e^~ 2) e Q+/3 J e Q 
= 7 ( e « e « e /9 - e « e a+/9 - e^~ 2) e Q e Q , +/3 
= 4% "J (1 + J-l)) e^W/S 

Now we prove the equality in the case I = 1 and k > 2. Suppose it is proved for 
all k < ko- Let us show it for fc = fco + 1. We have 

(k) _ 1 0-1) 



1 / (fc-1) (fe-2) 

- I epe a ep - epe a +pep 

1 ( (fc-1) (fc-i) (fe-2)\ 



(fe) _ (fc-i) 



Suppose we have prove equality for all k and / such that min(k, r) < m Q . Let us 
prove it for min{k, r) = m + 1. There are two cases k = m + 1 and I = m + 1. 



As the computations are very similar we will treat only the first case. 



C J3 e a 



1 

fc-1 



( fe -!) p (0 



-±£<-i> 



= (*-sU s ) P fc-1- 



e /3 e a e a+/3 e 



s=0 
fc-1 



s=0 

1 J2((-i) s (k-s)-(-ir 1 s)et s) e { :i/; ) 

s=0 



-1) (a) (fc-l-s) 



E^r^iVf- 



D 



Corollary 1. Let p be a characteristic of the field K arwi m > 0. Then the 
linear span it™ (K) of the set 



'-{eg 



B' = 



- J P (fcc) p ( fe ° + /3)„( fc -3) 



e Q+^ ' 



fc fc 



a +p,k <p m -l} 



is a subalgebra ofiX^(K) 

Proof. We claim that it™ (IK) is the subalgebra A of H3 (K) generated by the set 



X 






(fc) J*0 



fc<p" 



It is enough to show that the set B' is a basis of A. Let _R be rewriting system 
defined in Theorem[2j We claim that R(X') is complete. To prove this we apply 
Proposition [TJ It is obvious for the rules (J4J , ([5]) , and ([6]) , that if the left hand 
side is an element of (X 1 )*, then all the monomials on the right hand side are 
also elements of (X')* . Moreover, if k + I < p m — 1 then the same is true for 
the rewriting rules ©, ©, and ©. Suppose fc, / < p m - 1 and k + l > p m . 
Then ( f ) = in K. In fact, the degree of p in the prime decomposition of n\ 
is given by the formula 

00 r 

n 



E 

3=0 



p.i 



k+l\ 



Therefore, the degree of p in the prime decomposition of 1 , 



E 
3=0 



'k + r 
. p 


— 


'fc" 
p. 


— 


' 1 ' 
p ' . 


)- 

> 


'k + f 

'k + l' 

p m 


l-l , 
3=0 V 

= 1 >0 


'k + l' 

. P 


— 


'fc" 
P. 


— 


' I ' 



Therefore, for the rules (JTJ, ©, (J3j) and fc + I > p m , we get 



,{k) e (l) 



e y a ~' e a ^° 



e a+/3 e a+/3 



e e /3 ^ U ' 



This shows that R(X') is complete. Now, it is obvious that B' is the set of non- 
reducible monomials in the alphabet X' with respect to the rewriting system 
R(X'). This shows that B' is a basis of the algebra A'. □ 

5 Small Grobner basis 

The Grobner basis obtained in the previous section is not convenient for the 

construction of minimal projective resolution of K, since the Anick resolution is 

much closer to the minimal resolution, if the chosen generating set is minimal. 

(p k ) (p k ) 

Denote e« ' by a^ and e\ ' by &&. 

Theorem 3. For any m s No the set Z m := { ai, bi \ I < to — 1} generates the 
algebra il m (K). And, therefore, the set Z := { a;, bi \ I € No} generates il^ (EC). 

Proof. We know that U™ (K) is generated by the elements e a ' , e a _lg > ei , 
k < p m — 1. Thus it is enough to show that these elements can be written as 
linear combination of monomials in ai, bi, I < m — 1. 

Suppose k = kip" 1 ' 1 + ki_ip m ~ 2 H h fc with < k s < p - 1. Then it 

follows from the Lucas' theorem [2 (137)] and CQ), ©, ©, that 



m — 1 m— 1 771 — 1 

s=0 s=0 s=0 

Now, for any < k s < p — 1 the integer fc s ! is invertible in K. Therefore 

{ k sP n _ J_ / (p«)\ fcs (fc sP s ) _ J_ / (pi \ fcs (fe 3 p s ) _ J_ / (p s )\ fes 

6q ~ fc s ! V Cq J ' e «+^ ~ fc s ! I <*+N ' ^ ~ fc a ! \ ? J ■ 

Thus the algebra it™ (K) is generated by the elements a/, bi, and ef a+ a, I < to— 1. 
From ([5]), it follows that 

e (p l ) _ ( _ 1)P ' ( e V) e V)_ v f _iy e ( p, ^) e « > ! -" 

\ i=o 

(p l ) 
From this equality by recursion on I, it follows that e a ,a can be written as a 

linear combination of monomials in a s , b s with s < I. D 

We will consider Deg-lexicographical order on Z m that corresponds to the 
ordering 

a < b < ai < b\ < ■ ■ ■ < a m < b m . 

on Z m . To establish the Grobner basis of il m (K) for the generating set Z m with 
respect to the above ordering, we prove some equalities between the elements 
a fc , b k , k e N . 

Proposition 3. For any k we have a? = &? = 0. 



Proof. We know that a k is an element of the subalgebra il^ 1 (K), and that a k 
is a linear multiple of a k +\. Since dk+i $. ^3 +1 (K), it follows that the coefficient 
of multiplication is zero, and therefore a k = 0. The claim b k = is proved in 
the same way. □ 

Proposition 4. For any I and k elements a; and a k commutes. Similarly bi 
and b k . 

Proof. Obvious. □ 

Proposition 5. For any I > k we have 

a t b k - b k ai + (-1) - a p k r l b k a k a p k ZX ■ ■ ■ a P Z^ = (7) 

b t a k - a k b t - (-l)'~ fe b k a k bl~ 1 bl'^\ . . . tfzl = (8) 

in il+(K). 

Proof. First we note, that a k ~ — —e\ . In fact, a? - = (p — iy.ee, 

Now (p — 1)! is the product of all elements in F*. The elements of F* \ {1, — 1} 
can be grouped in pairs {A, A -1 } with A ^ A -1 . Therefore the product (p — 1)! 
equals to 1 • — 1 = — 1. 
By (5]), we get 

- a;6 fe + 2^1,-1) e Q e Q+/3 e /3 
For 1 < p k , we have 

P l -j = (p- 1)?'" 1 + (p - i)p'~ 2 + • • • + (p - i)p* + (p fe -i) , (9) 



where p k — j < p k — 1. Therefore from (fl]) and the Lucas' theorem, it fol- 

ows that j£ 1 -* = e{ 

(( P ~i)p k ) {p l ~p k+1 - P k ) 



lows that e« = e« 'e« ■ Moreover, (, J^, fc ) = and 



= 0. Therefore 

p" p" 

ST, ,y (p'-j) 00 (p fc -j) _ ((p-i)p fc )v^/ n j (p l -p k+1 +p k -j) ( 3 ) (p k -i) 

/ A~ l ) e " e a+j3 e i3 — e « / .l -1 /) e " e Q+/3 e /3 



((P-I)p fc ) / (P fe ) (P ; -P fc+1 +P fc ) 



C^j Cn 



where in the last step we used ^. Now 

p l -p k+1 +p k = (p- l)p l ~ l + ... + (p_ 1)/+! +p fe . 



Therefore by the Lucas' theorem and ([T]) 

(p'V+W) _ (v k ) (( P ~i)P k+1 ) ((p-i)p'" 1 ) 

Cq 6q &a . . . Ca 

/ 1 \l — k — 1 r>— 1 «— 1 

= (-1) o fc a^ +1 . . . of_! . 

Finally we get 

b k ai = aib k + {-l) l ~ k a p k ~ l b k a k a p k +\ . . . ajTi ■ 
Now we prove ©. We have by ([5]) 

3 = 1 

From ©, the Lucas' theorem and ([3]), we get 

>'-•?') _ _(j> fc -i)>-i)P* ^(p-i)?'- 1 

Taking into the account that 6f _1 = — e^ , for all s e No, and 

( P <-P fc+1 +P fc ) ( P fc+1 -P fc ) _ n 

we get 

= (-iy- fc 6 fc a fc ^- 1 ...6fl 1 1 
and © follows. D 

Proposition 6. For all k e No, we have (b k a k ) p = (a k b k ) p . 
Proof. We have 

Let 1 < j < p fe - 1 and 1 < s < p k - 1. Then 

S pk -i) e u) >*-') «»(**-) e w i pk - s ) - 

minip " —j.p —8f 

V r_ir> k - j ')> k ~*~ r )«> (i) p (r) p (s) >*- j '- r )> fc - fl ) 

/ , l X J c « e " e a+/3 e a+/3 e a+/3 e /3 e /3 



10 



Every monom on the right hand side of the last formula has the form 

p (kl)Jk2)Jk3) (fc 4 ) (fe 5 ) (fe 6 ) (fe 7 ) 

with < ki < p k — 1 for all 1 < i < 7. In particular, every such monom is an 
element of H3 (K). Moreover, we have equations 

h+ h = p k 

k 2 + fc 4 + fa = p k 

fa + &4 + fa = p k 

fa + k 7 =p k . 

Thus k\ + k 2 + 2 (&3 + /j4 + ^5) + kg + kj = 4p k . Thcreforeat least one of the 
following inequalities holds 

fa+k 2 > p k 

fa + fa + fa>p k 

fa + k 7 > p k . 

Since the elements with divided power greater or equal then p k do not lie in 
iX§ (K), we get that one of the products 

P (ki) p (k 2 ) Jk 3 ) (fe 4 ) (fes) Jk e ) (k 7 ) 

is zero. This shows that 

p (p"-i) e U) SP k -i) p (P k - s )js) ,(.'"->) -n 

In particular, any two elements in the sum X^=i e « e a+p e B commute. 

Now consider for 1 < j < p k — 1 the product 

( P k )( P k )(p k -j) p u) y-i)_y)y -*),,& y)y-i) 



-I- 2_^ \ 1 ) e " e " e a+/3 e a+/3 e /3 e /3 



Every monom on the right hand side for 1 < r < p k — 1 can be written in the 
form 

y) P (ki) P (k2) (k 3 ) (k^ jfc.) 

where 1 < fcj < p k — 1 for 2 < % < 5. Moreover, we have 

k 2 + k 4 = p k 
fa + fa =/, 



11 



which implies ^2 + ^3 + ^4 + ^5 = 2p k and, therefore, k 2 + k 3 > p k or k^ + k 5 > p k . 
By the sa: 
and thus 



By the same consideration as above, we get that e a ?Le a ?l = or el el = 0, 



> fe ) p (fclUMJfc3) p (fc4) .(fc 5 ) 



Therefore 



da tip da c a+p e f3 — Ca Ca e a+(3 e f3 e f3 

Similarly, it can be shown that for 1 < j ' < p k — 1 

y-i)M y-i)y)y)_y-i)y) p v) y-i)y) 

(p k ) (p k ) 

Thus e\ co commute with every summand of 






X^-lM" "'r- r 



(V s ) . (p fc ) (p fc ) 

It is obvious, that e a+ i commutes with e\ e\ and with every summand of 



Efe 1 (-l) j ef ^e^ef ~ j \ Therefore 

j. , V^ (p"-i) U) {p"-i) , 1 i\p k (p") 
a k b k + 2^ e « e c*+/3 e £ + M) P e «+^ 

- (a k b k f + E (-1)^ (^"^e^ef -))' + (e^)' = {a k b k f . 



3=1 



D 



Proposition 7. 7/charK > 3, then for any k <G No, we have 

h\a k - 2b k a k b k + a k h\ = 
h k a\ - 2a k b k a k + a\h k = 0. 



Proof. We have 



b k a k - [ fc j e /3 e " -2 2_^e Q e a+f3 e fS 

-2e (p ' C) e (V ' ) +2Ve (pfc ^ ) e « e (2pfc - j) 
— ^e Q eg -rz^e Q e Q +/3 e ,3 



p 
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On the other hand 



(**)>*)„(**) _t- J?~i)jj) >^)> fc ) 



bkdkbk = e^ ea e^ ' = ^ ej, 

3=0 



e a+/3 e /3 e f3 



( fc „ -\ ( k\ 

For j = 0, we have el ' e\ ' — b\. On the other hand, for 1 < j <p k ,we 
have 2p k — p k + (p k — j) , and < p k — j < p k — 1. Therefore, from the Lucas' 

theorem if follows that ( 2p p V J ) = 1, and ef ~ J Kf ' = ef P ~ j \ Thus 

p k 

h n h -n fc 2 Xr o ( pk ^l(J) S 2 P"^) 

Oka-kOk — akO k + 2_^ e Q e Q +/3 e /3 

3=1 

and 

fefcOfc - 2b k a k b k = a k b\. 

(k) (k) 

The second equality follows from the first one, after noticing that e a n> e» , 
el i— > el , e^/o M> (—1) e a !» can be prolonged to an automorphism of 
U+(K). D 

Denote by 7r r „ the natural projection IK (Z*„ ) — > it™ (K). 

Proposition 8. Suppose charK. = p. The following set G m of elements in 

ajfefc - 6 fc a; + (-l)^ fe a^ 1 6 fe a fc a^j . . . afZ x , 
bicik - afc&i - (-1) bkOkbkbk+i ■ ■ ■ 6j-i, 





a;afc + a,kai, 




bib k 


+ 6fcfy, 


(ft 


<a k y 


- (akbk) p , 



b\a k - 2b k a k b k + a k b 2 k , 
b k al - 2a k b k a k + alb k , 

is a reduced Grobner basis o/ker(7T m ). 



< fc < / < to - 1 


(10) 


0<fc<Z<m-l 


(11) 


< k < I < to- 1 


(12) 


< k < I < to- 1 


(13) 


< k < to- 1 


(14) 


< fc < to - 1 


(15) 


< k < to- 1 


(16) 


< k< m-1, p> 3, 


(17) 


< fc < m- 1, p > 3 


(18) 



Proof. If follows from Propositions El IH \E\ El that G m is a subset of ker(-7r). 
Thus it is enough to show that the images of non-reducible monomials in X^ 
give a basis of il m (K). Since the images of non-reducible monomials in X^ 
generate it m (IK) as a vector space and il m (IK) is finite dimensional, it is enough 
to show that the number of non-reducible monomials in X^ with respect to G m 
is less or equal to the dimension of 17™ (K). From Corollary [1] it follows that the 
dimension of il m (K) is {p m f =p 3m . 
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Let t be a monomial non-reducible with respect to G m . Since t does not 
contain submonomials aibk, hah, didk, hbk for 0<k<l<m— 1, the indices 
of variables in t weakly increase from the left to right. We denote by tk a 
submonomial of t that consists from the all variables with index k. Then t = 
toti . . . i TO _i- 

For < k < m — 1, the monomial £& has the form 

% h ■ ■ ■ a k K > 

where n G N, r, and Sj are non-zero natural numbers, except probably of T\ and 
s„,. Since tk does not contain subnormals b\ak and frfcaj*, we see that si = r 2 = 
■ ■ ■ = s n -i = r n = 1. Thus tfc has the form a^ 1 (fefeflfe) &&"• As £& does not 
contain subwords af , (bkdk) p , and 6^, we get that ri < p — 1, n — 1 < p — 1, and 
s n < P — 1- Thus the number of different possibilities for £& does not exceed p 3 , 
and the number of different possibilities for t does not exceed (p 3 ) = p 3m . □ 

Corollary 2. TTie set G is a reduced Grobner basis o/ker(7r), where it is the 
natural projection K (Z*) — > ilg (K). 

Proof. It is clear that G C ker(7r). Denote by R the rewriting system { r(jp) \ p G G}. 
It is enough to show that any critical pair (w, r%,r2), with r±, r2 G i? is reducible. 
For a given critical pair (w, r\, r%) there is an m > 0, such that all monomials in 
w, ri, r 2 lie in Z m . By Proposition |8] the set G m is a Grobner basis, therefore 
any critical pair (w,ri,r 2 ) with w G Z* i: ri, r 2 G i? m = {r(p) \p G G m } is 
reducible. □ 



6 Anick resolution 

The Anick resolution was introduced in [?] . Let A be an algebra over a field K 
and e : A — >• K a homomorphism of algebras. Let X = oi,. . . be a set of genera- 
tors of A and GcI(I') a reduced Grobner basis with respect to a monomial 
ordering < on X*. For this set of data Anick constructed a free resolution of 
K over A, which is nowadays called Anick resolution. We will describe only 
the first four steps of Anick's construction under additional assumption that 
e(x) = for all x G X. 

First we define sets Tfc, k = —1,0,1,2, that will serve as bases of A-free 
modules Pfc. Denote by T_i the set {e} with one element e and by T the set 
X. The set Ti is the set of all leading monomials in G. Denote by T 2 the set of 
all possible overlaps of elements of T\ . Every element of T 2 is a triple ( w , r\ , r 2 ) . 
We say that an overlap (w, ri,r 2 ) is minimal if there is no overlap (w' ,ri,r 2 ) 
such that w' is a subword of w. Note that if an overlap (w, ^i,r 2 ) is minimal 
then the rules r\ and r 2 are uniquely determined by w. In fact, suppose that 
(w, ri,r 2 ) (w, Ti^r^) G T 2 . Then w — m\v — m! x v' . But this means that ra\ is 

' m'j or m'i is a subword of mi . 
it follows that n = r^. Similarly r 2 = r 2 . 
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Define T^ to be the set of all words w in X* such that there exists a minimal 
overlap (w,r\,r2)- Denote for k = — 1, 0, 1, 2 by P k the A-linear span of T k . 
Let M be the set of all non-reducible monomials with respect to G. Then for 
k = -1,0,1,2 the set 

N k = {m.t\m £ M, t £ T k } 

is the basis of Pk over K. 

The sets Nk have a full ordering induced by the ordering <onI* via the 
map m.t <-¥ mt. We define maps S n : P n — > P n —i and j n : P n -\ — > P n as follows 



So(m.x) 

jo(ux.e) 
8\{m.t) 



NF{mx,G).e 

u.x 

NF(mt',G).x, where t = t'x. 



Now let m £ M and x £ X . Suppose there are u, v £ M such that m = uv and 
vx G Ti. Then we define ji(m.x) = u.vx. Otherwise we let ji(m.x) — 0. Note 
that j\ is well-defined as m = uv = u'v' would imply that v < v 1 or v' < v and 
therefore vx < v'x or v'x ^ v'x. But since G is reduced Grobner basis any two 
different elements of T\ are incompatible with respect to < (in other words T% 
is an anti-chain in the Anick's terminology) . 

Let w £ T2 be such that w = m\v = umi with mi, m2 G Ti. Define 
<52(m.w) = NF{mu,G).m,2- 

Suppose t € Ti and m G M. If m = to for some u, v £ M such that ut G T2 
then we define jviyn.t) — u.vt. Note that if such u and v exist then they are 
unique as G is a reduced Grobner basis. If there is no u and v with the above 
property then we let J2(m.t) = 0. 

Note, that if A is an S'-graded algebra, where S is a monoid, then the maps j n 
and <5„ are homomgeneous with respect to the induced grading on the modules 

Pk- 

Now we define homomorphisms of left A-modules d n : P n — > P n -\ and homo- 
morphisms of K- vector spaces i n : ker(d„_i) — > P n for n = 0, 1, 2 by induction. 
Since d n is a homomorphism of free A-modules it is enough to define d n on the 
basis elements .£, where t £ T n . On the other hand i n is a homomorphism of K 
vector spaces, moreover we do not have any convenient basis for ker(<i„_i). We 
will define i n by induction on the leading term of / G ker(d n _i). 



do(-t) 

i Q {m.e) 
d»+i(.t) 

in(f) 



- So(-t) 

= j Q (m.e) 

= S n+ i(.t) - i n d n (5 n+ i(.t)) 

= jn(Hf))+in(f-d n (j n (lt(f)))). 



Note that it is not obvious that d n and i n are well-defined. This a part of the 
claim of Proposition GO The following proposition is proved in [?] . Note that 
Anick [?] constructed modules P n and maps d n for all neH. 
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Proposition 9. The sequence of left A-modules 



Po 



P 1 ^hP ^ P_! 







is an exact complex. If A is an S-graded algebra, then all the maps above are 
homogeneous. Moreover, the highest term in the expansion d n (.t) is S n (.t) for 
every n and t € T n . 

Let j < m. We will consider the algebra il| m (K) with the generating set 
Xj m and the Grobner basis Gj m . The sets T\ and T 2 in this case are given by 

Ti = {aib k , bia k ,aia k , b t b k \ j < k < I < m - 1} 
U{a p , b p ,(b k a k ) p \j<k<m-l} 
U { b k a k , b k a k | j < k < m — l,p > 3} 



To 



a r cna kl a r aib k ,a r bia k , a r bib kl 



U 



U 




b r aia k ,b r aib k , b r bia k , b r bib k 
C aia p k ,aib p k ,ai (b k a k ) p ,bia p k ,bib p k ,h {b k a k f 
[ a p a k ,a p b k ,b p a k ,b p b k , (biai) p a k , (biai) p b k 
j aib 2 k a k , aib k a 2 k , bib\a kl bib k a\, 
\ b 2 aia k ,b 2 aib k ,biafa k ,biafb k 

U j a p+1 ,b p+1 ,b k (b k a k ) p , (b k a k ) p a k , (b k a k ) p+1 j < k < m - l\ 
U {b 2 k al\j < k < m- l,p> 3} . 
In the tables below we list the values of deg for the elements of T\ and T 2 ■ 
w e Ti deg (w) weTi deg (w) w e T\, p > 3 deg (w) 



pa 



p T (3 
p k a + p l (3 
(p l + p k ) a 
(p l + p k ) /3 



p k+1 a 
„fe+i/ 



aib k 
ha k 
aia k 
bib k 



K 



(b k a k ) p p^a+p^p 



b{a k 
hal 



p k a + 2p k f3 
p k fi + 2p k a 



For j<k<l<r<m — 1 



w e T 2 


deg (tu) 


w 6 T 2 


deg (w) 


a r aia k 


(p r + p ( + p fc ) a 


b r aia k 


(pi +pfc) a + p r f3 


a r aib k 


(p r +p l ) a +p k (3 


b r aib k 


p l a+(p r +p k )p 


a r bia k 


[p r + p k ) a + p [ j3 


b r bia k 


p k a + (jp r + p l ) (3 


a r bib k 


p l a+ (p l +p k ) (3 


b r bib k 


(p r +p l +p k )P 
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For j < k < I <m — 1 



w e T 2 


deg (to) 


w G T 2 


deg (w) 




(p<+p fc+1 )a 




(p«+i+p*)a 


a ^fe 


p'a +p fe+1 ^ 


af6fc 


(p' +1 )a+p fc ,3 


a; (bkak) P 


(p'+/+ 1 ) a + /+ 1 / 3 


&fafe 


p fc a + p i+1 /3 


ka p k 


p fc+1 a+p',S 


6f6 fe 


(p i+1 +p fc )/3 


ME 


(p ; +p fc+1 ) /? 


{biaif a k 


(p /+1 +p k )a+p l+1 /3 


&i (bkakf 


/ +1 a+ (p^ 1 + p')/3 


(bmfbk 


p l+1 a+ (p l+1 + p k )(3 



For j < k < m — 1 



deg (w) 



^ +1 



(p k+1 +p k ) /3 



w G T 2 



deg («;) 



b k (b k a k ) p /'+ 1 a+(p fe + 1 +/')/ 3 
(6 fe a fe ) p a fe (p fe+1 +p fe )a + p fe+1 /3 
(W +1 (P k+1 + p k )(a + (3) 



For p > 3 



w £T 2 


deg (w) 


w eT 2 


deg (to) 


aib\a,k 


W +p k )a + 2p k l3 


b'faiak 


(p'+p fc )a + 2p'/3 


aib k al 


\p l + 2p k ) a + p k j3 


bfaib k 


pW (2p l +p k ) f3 


b\b\a k 


p fe a+ (2p k +p l )/3 


biafa k 


(2p l + p k ) a + p l /3 


bib k a\ 


2p k a+(p l +p k )l3 


biafbk 


2pW(p'+p' c )/3 


bla{ 


2p k a + 2p k /3 







Analizing these tables we get 

Proposition 10. The set W of pairs (i«i,w 2 ) G Xi x T 2 swc/i i/iai deg(u)i) 
deg (1U2) *s given by 

{(aib k , aiV k _^) , (a;6 fc , a;^^) , {{b k a k ) P , afc+i^fe) , (Mfc, ^Ofe_i) > 
{{bkakf , &fc+ia/c) , (6;&fc, &;&fc_i) , {ai+ia k , a\ a k ) , (ai +1 b k , a p b k ) , 
{k +1 a k , b p a k ) , (bi +1 b k , b p b k ) , f a k+ ia kl a p k +1 \ , f b k+1 b k , bl +1 ) 

u{ (a|,Ofeo|_ x ) , (6l, 6fe6|_i) , (a i+:L &;,a; (fy-ia^i) 2 , (&j +1 a*,&! (&(_ia;_i) 2 JJ p= 2 j 

7 Minimal resolution 

Let r be a monoid, and A an T-graded algebra over a field K. For 7 G T we 
denote by A [7] the left T-gradcd A-module defined by 

/3Gr: /3 7 =a 

The modules A [7] are projective modules in the category of S-graded A-modules, 
and every projective module is a direct summand of a direct sum of modules of 
the form A [7] ( cf. |6j Propositions 4.1, 5.1] ). 
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Let M be a T-graded A-module. A submodule N of M is called small if for 
any submodule T of M such that T + N = M, we have T — M . A projective 
cover of a module M is a projective object P together with an epimorphism 
ip: P -» M such that the kernel of ip is a small subobject of P. It is well known 
fact that if projective cover exists for the module M , the it is unique (cf. [6, 
Theorem 5.1]). It is proved in Proposition 5.2 of [5], that if T is an artinian 
ordered monoid such that the neutral element of T is the minimal element, 
and A is a perfect ring, then every T-graded A-module possess a projective 
cover. Note that the conditions of this criterion hold for ilg (K) considered as 
an S-graded algebra, where S is the free commutative monoid generated by 
a and /3. In fact, S is artinian with respect to the lexicographical ordering, 
and is the minimal element with respect to this ordering. Moreover, the 0-th 
component of U3 (K) is isomorphic to K and thus is perfect. 

A projective resolution 

. . . ^ Pfe A» • • • p\ A P A P_i ^4 M ^ 

of a T-graded ^-module M is called minimal if the kernel of dj is a small 
subobject of Pj, j > — 1, or, equivalently, if the image of di is a small subobject 
of Pj+i for i > 0. From the uniqueness of the projective cover, it follows that the 
minimal resolution is unique up to isomorphism if it exists. Moreover, if every 
T-graded ^-module possess a projective cover, then the existence of a minimal 
projecitve resolution for every T-graded A-module can be proved by induction. 

Proposition 11. Let {si) ieI be a family of elements in S. Denote by N± the 

direct sum (& s£ s sM^t (^) [ s i]s- Then N C ©ie/^" C^) i Si \ * s a sma ^ sub- 
module if and only if M C ©j e j Ni. 

We will denote the submodule 0- e/ N t of P := ieJ ilJ (K) [s 4 ], with N t 
defined as above, by Rad (P) . 

Corollary 3. The Anick resolution of itj" (K) with respect to the Grobner basis 
G gives two first steps of the minimal resolution for the trivial module K. 

Proof. We have to check that the images of d\ and do are small suobjects of Pq 
and P—i, respectively. For do, this is obvious, as d(.x) = x.e for any x G X, 
and x.e £ il| (K) dog(2;) , deg (x) ^ 0. 

Now, let w S T\. We write w in the form u.x, where x G X. Then 

di(.w) =u.x-i{NF(w,G)). 

Since, NF (w, G) does not contain the terms of length one, we see that i (NF (w, G)) 
is an element of ($ x£X s#o ilj (K) [deg (y)] s . U 

Unfortunately, the third step of the Anick resolution, in our situation, does 
not give the third step of the minimal resolution, since Pi contains redudant 
summands. To find out which summands of P\ should be skipped, we will 
analyze the differential g^ : P2 — >• Pl ■ 
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First of all, note that if w G T2 is such that deg (w) is different from the 
degrees of elements in Xi , then d-2 (w) G Rad (Pi ) . 

Thus, the only elements w G T2, for which it can happen that di (.w) G" 
Rad (Pi), are given by the second components of the pairs in W defined in 
Proposition [TU] 

Now, suppose w G T2 and ui, . . . , life G T\ is the full set of elements in T\ 
such that deg (w) — deg (u). Then e?2 (.w) is an element of Rad (Pi) if and only 
if coefficients of .u\, . . . , .Uk in the expansion of d,2 (.w) are zero. 

Lemma 1. Suppose w G T2 and u G Pi are such that deg (w) = deg (u) and 
u < w. Then the coefficient of .u in the expansion of d^.w) is zero. 

Proof. Recall that the K-basis of Pi is given by B := { v'.v" | NF (v', G) = v', v" G Pi}. 
This basis is ordered via the map B — > X*, v'.v" n> v'v". Now, write w in the 
form v'v" with v" G T2 and v' non-reducible word in X*. Then the maximal 
element in the expansion of d2 (.w) is 62 (-w) = v'.v". Since w < u, we have 
v'.v" < u. Therefore, the coefficient of .u in the expansion of ^2 (-w) is zero. □ 

Corollary 4. The images of .a\b p k ~ , -bia p fori > k + 2, of .aio? k , i>ib\, .a p a k , 
.a p b k , .b p a k , -b p b k for I > k + 1, of .a p k + , .b p k + for any k, and of .Ofca^^ 

■ b k b\_ 1 , .ak (bk-iak-i) , -bk (fefe-iflfc-i) for p — 2 under c?2 are the elements 
Rad (Pi). 

Note that for the elements b k+ ia p and a k +ib p of T2 there are two elements in 
T\ of the same degree, namely a k+ \b k+ i and (b k a k ) p . Since, afc+i&^+i > a k +ib p k , 
it follows from Lemma [T] that the coefficient of .a k +\b k+ \ in the expansion of 
d 2 (.a k+ ib p k ) is zero. 

Proposition 12. The coefficient of .a k +\b k +i in the expansion of d 2 (.bk+ia^) 
is zero. The coefficients of . (b k a k ) p in the expansion of c?2 (- a k+ib k ) and in the 
expansion of d 2 (.b k +ia p ) equal —1. 

Proof. We have 

d 2 (.a k+1 bl) = a k+1 .bl - i (a k+ idi (.&£)) . 

It is easy to check that d\ (-b p ) = b p ~ .b k . To compute i ( afe+i6^~ .b k ) , we have 

to find the leading term in the normal form of a k +ib p k ~ . 

Note that the elements a k +\ and b k lie in the subalgebra U 3 ' (K) of 
iljj" (K), and the homogeneous component of degree p k+1 a + (p — l)p k f3 of 
it 3 ' (K) has the basis 

a k+1 b p k U { a p k r J (b k a k y fi^" 1 | < j < p - l} . 

We get from Proposition [8] and the above remark 
ak+ib^ 1 = b k a k+ ib p k r 2 + a p ~ 1 b k a k b p k ~ 1 

= ■■■ = &T Wi + E x j<~ j (M J °T j 
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for some coefficients Xj € K. We see that b p a k +\ is the maximal term in the 
expansion of afc+i6| _1 . Since j (tf^ak+i-bk) = b p k r l .a k +ib k we get 

d 2 (.a k+ ib p k ) = a k+1 .b p k - b^ 1 .a k+1 b k 



i> 



+ i\bl 1 a k+ i.b k -b p k 1 d 1 {.a k+1 b k ) + '^2\ J a p k 3 (b k a k ) 3 b p k 1 3 .b k 



Wc have 



d\ (.a k+ ib k ) = a k+1 .b k - b k .a k+x + a p k b k .a k . 
Therefore 
bl~ dk+i-bk - b P T 1 d 1 (.ctk+ibk) = b p k .a k+1 - b k ^ 1 a P T 1 b k .a k = -b p k ~ 1 a p k ~ 1 b k .a k . 

Since b k and a k are the elements of U 3 ' (K) , the element b k ~ a p ~ is a linear 
combination of the elements in < a k ~ ~ 3 (b k a k ) J b p ~ ~ J < j < p — If. Note 
that (b k a k ) p is maximal among them. 

Lemma 2. The coefficient of (b k a k ) p in the normal expansion of b p ~ a p ~ 
is 1. 

Proof. Since il 3 ' (K) is isomorphic toil 3 ' (K) via F k , and F k (ao) = a k , F k (bo) = 
b k , it is enough to prove that the coefficient of (ba) p in the normal expansion 
of b p ~ 1 a p ~ 1 is —1, where a :— oq and b := bo- 
We have by Q 

e ( P -i) e ( P -i) = j- (-if ef^e^ef- 1 -*. (19) 

3=0 

For < j < p— 1, e« ej^| oei p_ "^ is a non-zero multiple oia p ~ 1 ~ J (ab — ba) 3 b p ~ 1 ~ 3 . 

Consider a p ~ l ~ 3 (ab — ba)° 6 P_1_: ' as an element of the free algebra J- generated 
by a and b. Then every term in a p ~ l ~ 3 (ab — ba) 3 b p ~ l ~ J is less then (ba) p ~ . 
Since during the Grobner reduction process the terns can only decrease, we see 
that the coefficient of (ba) p in the normal expansion of a p ~ 1 ~ 3 (ab — ba) 3 IP^ 1 ^ 3 
is zero. 

Recall that (p - 1)! = -l(mod p). Thus e^~f = -e£j = - (ab - ba) p ~\ 
Again, if we consider (ab — ba) p as an element of J 7 , the all the terms in 
(ab — ba) p ~ are less then (ba) p ~ except (— l) p (ba) p . Thus in the normal 
expansion of (ab — ba) p ~ the term (ba) p ~ enters with the coefficient (— l) p 
Since the coefficient of e^ +/3 in (TT9"|) is (— l) p , we see that the coefficient of 
(ba) p in the normal expansion of 



fc^-V- 1 = (-ef- 1] ) (-e^-V = ejf-^ef 1 ' 
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is - (-If (-l)^ 1 = 1. □ 

Since {bk(ik) p b k .a k is greater then a p ~ J (b k a k ) J bf,~ ~ J .bk for any 1 < j < 
p, we see that (b k a k ) p a k .b k is the maximal term in the normal expansion of 

p 
b p h r l a k+1 .b k - HfT d% (.cik+ibk) + ^ ^i a k~ 3 ( b ka.k) 3 b^ 1 ^ 1 .b k . 

3=1 

Since j f(6fca fc ) p_1 b k .a k ) = . {b k a k ) p , we get 

d 2 (.a k+ ib p k ) = a k+ i.b p k - b p k -a k+ ib k - . (b k a k ) p - i (smaller terms) . 
Now we consider d 2 (.b k+ ia p k ). We have 

d 2 (.bk+ial) = b k+ i.a p k - i (bk+idi (.a£)) . 
It is easy to check that d\ (-a p ) = a p ~ .a k . Thus 

d 2 (.b k+1 a p k ) = b k+1 .a p k - i [bk+ia^ 1 .a k \ . 

Now bk+iaPjT' is an element of il 3 (K) of degree (p — \)p k a +p k+1 /3, and 
thus is a linear combination of the elements 



V := 



{ air 1 -' (b k a k y b p k - j | < j <p - l} U a p k r l b k - 



Note that for any v £ V, we have va k < a k +ib k +i. Therefore, .a k +ib k +i enters 
with the coefficient zero in the expansion of d 2 (.b k +ia k ). 
Now (b k a k ) p ~ b k is the maximal element of V. 

Lemma 3. The coefficient of (b k a k ) p b k in the normal expansion ofbk+iaf^T 
is 1. 

Proof. Since U 3 ' (K) is isomorphic to U 3 ' (K) via Fk, it is enough to check 
that the coeffecient of (&o a o) P ^o i n the normal expansion of &iag - is 1. 
We have by (0 



p-i 



e?e$-V=Y,(-l) J e ( r J - l) (e% 



U) Jp-J) 

+/3 e /9 



i=i 



For 1 < j < p — 2, ea e a+0 e * s a non-zero multiple of 

/ : = a o J1 ( a o fo o - b a Q y b^ 3 . 

Now the coefficient of (boao) p ~ bo in / is zero since all terms of / considered as 
an element of the free algebra generated by ag and bg are less then (&o a o) P &0- 
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For j — 0, we have e£ ef' — —a^ b\ and a p b\ < (&oao) p 60 ■ For 
j =p- 1, we get 

e-a+p ep = ~ ( a o&o - boaof^ 1 b . 

By the considerations as in Lemma EJ we sec that the coefficient of (&oao) P 60 
in (ao&o — ^o«o) P ^0 is (— 1) P • Therefore the coefficient of (&oao) P ^0 i n 

forage = -e^" 1 ) 

is-c-ir^-c-ir^i. a 

Since j f (6fca fc ) p_1 a fc .6 fe j = . (b k a k ) p , we get 

d 2 (.6fc+iOjfe) = 6jfe+i.Ofc - . (b k a k ) p + i (smaller terms) . 

D 

Corollary 5. The elements d 2 (.b k +ia p ) + . (b k a k ) p and d 2 (.a k +ib p ) + . (bk(ik) P 
belong to Rad(Pi). 

Now we modify the Anick resolution in order to make it minimal up to the 
third step. We define T[ = {w 6 T x \ w ± (b k a k ) p } and T' 2 = { w <E T 2 \ w ^ a k+1 b p k }. 
Denote by P[ and P 2 the A- linear spans of T{ and T^, respectively. We define 
d[ : P[ — >• P Q to be the restriction of d\ to P[ . To define d' 2 : P 2 — >• P{ we proceed 
as follows. For every w £ T 2 , the expression cfe (■w) can be written as ^-linear 
combination 

2J r u .U + 2J rj.. (b k a k ) p . 

u£T{ k 

Define d' 2 (w) by the expression 

} J r u .u + ^r k (d 2 (.a k+1 b p k ) + . (b k a k ) p ) . 

u£T[ k 

Then it is obvious that the image of d' 2 is a subset of Rad (P{). 
Proposition 13. The complex 

P' 2 -^pI^PoAp^Ai^o 

is exact at the term P[ . 

Proof. Denote by P 2 and P" the submodules of P 2 and P\ generated by the 
elements of the form .a k +ib p and d(.a k +ib p ). It is obvious that P 2 is a free 
submodule. Since (.b k a k ) p has coefficient —1 in the expansion of d 2 (.a k +ib p ), it 
is easy to show by induction on k, that P" is a free submodule of P\. Moreover, 
it is obvious that the restriction of d 2 on P 2 induces an isomorphism between 
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P!£ and P". Define the ^4-homomorphism $2 ■ P2 —* P'2 by <j>2 (■ w ) — - w if 
ioETj and <j>2 {-w) — if w $. T%. Define the A-homomorphism <\>\ : P\ — > P[ 
by <t> 2 (.w) = .w if w G T[ and <pi (. (b k a k ) p ) = . (b k a k ) p ' + d 2 (.a k+ ib p k ). Then the 
diagram 




is commutative, and all its columns are exact. Therefore the corresponding 
vertical spectral sequence collapse at stage 1. The stage 1 of the horizontal 
spectral sequence has the form 















Ker(d 2 ) 



Coker (di ) 



Ker(4) 



H[ 



Coker (d[) 



It is easy to see that there is no high differentials that starts or terminate at 
H[. Thus H[ is zero and P' % is exact at the term P[. □ 
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